
Probabilistic Graph Reasoning 
for Natural Proof Generation

1

Changzhi Sun       Xinbo Zhang         Jiangjie Chen        Chun Gan

 Yuanbin Wu        Jiaze Chen             Hao Zhou               Lei Li 


ACL-IJCNLP 2021



Reasoning Over Formal Representation
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• Pros

– Interpretable

– Easy combine human knowledge


• Cons

– Knowledge acquisition bottleneck

– Brittleness


• when confront with unusual or atypical 
cases

[Saha+ 2020, Musen&Lei 1988]

Logical
Theory

Relevant 
Axioms

Proof

Answer

Theorem 
Prover

Question (logic)

(a) Formal Reasoning

Logical
Theory

Relevant 
Axioms

Theorem 
Prover

Question (NL)

Logical
Theory

Relevant Facts 
and Rules (NL)

Answer Transfomer 
Network

(b) RuleTakers

Logical
Theory

Relevant 
Axioms

Proof

Answer

Theorem 
Prover

Question (NL)

(c) PRover

Logical
Theory

Relevant Facts 
and Rules (NL)

Transfomer 
Network

Logical
Theory

Relevant 
Axioms

Proof

Answer

Theorem 
Prover

Question (NL)

(d) PRobr

Logical
Theory

Relevant Facts 
and Rules (NL)

Transfomer 
Network

Formal Reasoning



Reasoning over Natural Language
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• Input: a set of facts and rules and a 
question expressed in natural 
language.


• Output:predict the answer and 
provide proof to prove or disprove 
the question.


• Proof:

– Node: fact, rule or NAF

– Edge: logical deduction


• Potential advantages

– Write theories in natural language

– Have the machine apply general knowledge

Facts :
F1:  The circuit includes the battery.

F2:  The wire is metal.

F3:  The circuit includes the bell.

Rules :
R1:  If the circuit includes the battery and the battery is not flat 
then the circuit is powered.

R2:  If the circuit includes the switch and the switch is on then 
the circuit is complete. 
R3:  If the circuit does not have the switch then the circuit is 
complete.

R4:  If the wire is metal then the wire is conducting.

R5:  If the wire is plastic then the wire is not conducting. 

R6:  If the circuit is powered and the circuit is complete and 
the wire is conducting then the current runs through the 
circuit.

Question :  The current runs through the circuit.  
Answer :  True
Proof ： 

[Clark+ 2020, Saha+ 2020]

closed-world assumption



Existing Solution
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• PRover

– Three sub-task, multi-task learning


• Answer prediction (0/1)

• Node prediction (0/1)

• Edge prediction (0/1)


– Nodes, edges and answer are independent on 
each other
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• Soft Reasoner

– Answer prediction (0/1)

– No proof

[Clark+ 2020]

[Saha+ 2020]

indicates whether the node/edge 
appears in the gold proof



Our Solution
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• PRobr

– Probabilistic graphical model

– Nodes, edges and answer are 

dependent on each other

– Learning by variational approximation

Logical
Theory

Relevant 
Axioms

Proof

Answer

Theorem 
Prover

Question (logic)

(a) Formal Reasoning

Logical
Theory

Relevant 
Axioms

Theorem 
Prover

Question (NL)

Logical
Theory

Relevant Facts 
and Rules (NL)

Answer Transfomer 
Network

(b) RuleTakers

Logical
Theory

Relevant 
Axioms

Proof

Answer

Theorem 
Prover

Question (NL)

(c) PRover

Logical
Theory

Relevant Facts 
and Rules (NL)

Transfomer 
Network

Logical
Theory

Relevant 
Axioms

Proof

Answer

Theorem 
Prover

Question (NL)

(d) PRobr

Logical
Theory

Relevant Facts 
and Rules (NL)

Transfomer 
Network



Probabilistic Formulation
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<latexit sha1_base64="GOy9QHAJX6Bo1591ddm8hGBWpTQ="></latexit>

P (Y = y) / �A(a)
Y

i

�V
i (vi, a)

Y

i,j

�E
ij(vi, vj , eij , a)

answer (0/1) node(0/1) edge(0/1)

dependency between answer 
and proof node

dependency between answer, proof 
node and proof edge

all variables



Text Representation Network
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RoBERTa
<latexit sha1_base64="v/WL/lyvM7Py8k4UI/JuwE5hWvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+l5vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAGro2j</latexit>s1

<latexit sha1_base64="Up89XL+/GF6q9sLJeaBgbzfOVFU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis96F61Vyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt1Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2hC8xZeXSbNa8S4r5/cX5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gAIMo2k</latexit>s2 <latexit sha1_base64="3CKnYTVKORCCe2ufL17jgpi3s5w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+mpXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6r5/cXldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBjIo3g</latexit>sn
<latexit sha1_base64="UpTuMZj14KXhqsigZrEN9MQV2oA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GNRBI8VTVtIQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+N2zYHrT4YeLw3w8y8KOVMG9f9ckpLyyura+X1ysbm1vZOdXevpZNMEeqThCeqE2FNOZPUN8xw2kkVxSLitB2Nrqd++5EqzRL5YMYpDQUeSBYzgo2V/OD+phn2qjW37s6A/hKvIDUo0OxVP7v9hGSCSkM41jrw3NSEOVaGEU4nlW6maYrJCA9oYKnEguownx07QUdW6aM4UbakQTP150SOhdZjEdlOgc1QL3pT8T8vyEx8GeZMppmhkswXxRlHJkHTz1GfKUoMH1uCiWL2VkSGWGFibD4VG4K3+PJf0jqpe+f107uzWuOqiKMMB3AIx+DBBTTgFprgAwEGT/ACr450np03533eWnKKmX34BefjG0B9jlQ=</latexit>

[SEP ]
<latexit sha1_base64="/x+UOZUke4wPqC2zYX85gnz6QHI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GOxFw8eKpq2kIay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jds0B219MPB4b4aZeUHCmdK2/W2VVlbX1jfKm5Wt7Z3dver+QVvFqSTUJTGPZTfAinImqKuZ5rSbSIqjgNNOMG7O/M4TlYrF4lFPEupHeChYyAjWRnK95t2D36/W7LqdAy0TpyA1KNDqV796g5ikERWacKyU59iJ9jMsNSOcTiu9VNEEkzEeUs9QgSOq/Cw/dopOjDJAYSxNCY1y9fdEhiOlJlFgOiOsR2rRm4n/eV6qw2s/YyJJNRVkvihMOdIxmn2OBkxSovnEEEwkM7ciMsISE23yqZgQnMWXl0n7rO5c1s/vL2qNmyKOMhzBMZyCA1fQgFtogQsEGDzDK7xZwnqx3q2PeWvJKmYO4Q+szx83Ro5O</latexit>

[CLS]
<latexit sha1_base64="UpTuMZj14KXhqsigZrEN9MQV2oA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GNRBI8VTVtIQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+N2zYHrT4YeLw3w8y8KOVMG9f9ckpLyyura+X1ysbm1vZOdXevpZNMEeqThCeqE2FNOZPUN8xw2kkVxSLitB2Nrqd++5EqzRL5YMYpDQUeSBYzgo2V/OD+phn2qjW37s6A/hKvIDUo0OxVP7v9hGSCSkM41jrw3NSEOVaGEU4nlW6maYrJCA9oYKnEguownx07QUdW6aM4UbakQTP150SOhdZjEdlOgc1QL3pT8T8vyEx8GeZMppmhkswXxRlHJkHTz1GfKUoMH1uCiWL2VkSGWGFibD4VG4K3+PJf0jqpe+f107uzWuOqiKMMB3AIx+DBBTTgFprgAwEGT/ACr450np03533eWnKKmX34BefjG0B9jlQ=</latexit>

[SEP ]
<latexit sha1_base64="UpTuMZj14KXhqsigZrEN9MQV2oA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GNRBI8VTVtIQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+N2zYHrT4YeLw3w8y8KOVMG9f9ckpLyyura+X1ysbm1vZOdXevpZNMEeqThCeqE2FNOZPUN8xw2kkVxSLitB2Nrqd++5EqzRL5YMYpDQUeSBYzgo2V/OD+phn2qjW37s6A/hKvIDUo0OxVP7v9hGSCSkM41jrw3NSEOVaGEU4nlW6maYrJCA9oYKnEguownx07QUdW6aM4UbakQTP150SOhdZjEdlOgc1QL3pT8T8vyEx8GeZMppmhkswXxRlHJkHTz1GfKUoMH1uCiWL2VkSGWGFibD4VG4K3+PJf0jqpe+f107uzWuOqiKMMB3AIx+DBBTTgFprgAwEGT/ACr450np03533eWnKKmX34BefjG0B9jlQ=</latexit>

[SEP ]
<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q

…
<latexit sha1_base64="HhFcd0hNdcEMuLr92iA8BtZhvcg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DKYxsIiovmQyxH2NnvJkt29Y3dPCEd+hY2FIrb+HDv/jZvkCo0+GHi8N8PMvDDhTBvX/XIKS8srq2vF9dLG5tb2Tnl3r6XjVBHaJDGPVSfEmnImadMww2knURSLkNN2OKpP/fYjVZrF8t6MExoIPJAsYgQbKz0Me5lfv7kLJr1yxa26M6C/xMtJBXI0euXPbj8mqaDSEI619j03MUGGlWGE00mpm2qaYDLCA+pbKrGgOshmB0/QkVX6KIqVLWnQTP05kWGh9ViEtlNgM9SL3lT8z/NTE10GGZNJaqgk80VRypGJ0fR71GeKEsPHlmCimL0VkSFWmBibUcmG4C2+/Je0TqreefX09qxSu8rjKMIBHMIxeHABNbiGBjSBgIAneIFXRznPzpvzPm8tOPnMPvyC8/ENewCQNQ==</latexit>

h[CLS]

<latexit sha1_base64="XysQHAJdt8w6atPKO8fvflpcd2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1hbaEDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHK/ZgOlIgEo2il9jDITeBNgmrNrbszkGXiFaQGBZpB9avXT1gWc4VMUmO6npuin1ONgkk+qfQyw1PKRnTAu5YqGnPj57NzJ+TEKn0SJdqWQjJTf0/kNDZmHIe2M6Y4NIveVPzP62YYXfu5UGmGXLH5oiiTBBMy/Z30heYM5dgSyrSwtxI2pJoytAlVbAje4svL5PGs7l3Wz+8vao2bIo4yHMExnIIHV9CAO2hCCxiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFHPY+K</latexit>

hs1
<latexit sha1_base64="xncqu08NlddZXfFKmOiBZZ3cysE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeiF48V7Ae0IWy223bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HdzO//cS1EbF6xEnC/YgOlRgIRtFK7VGQmaA2DcoVt+rOQVaJl5MK5GgE5a9eP2ZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzq/TJINa2FJK5+nsio5Exkyi0nRHFkVn2ZuJ/XjfFwY2fCZWkyBVbLBqkkmBMZr+TvtCcoZxYQpkW9lbCRlRThjahkg3BW355lbRqVe+qevFwWanf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w9Iwo+L</latexit>

hs2

<latexit sha1_base64="J7E+cbENAEoU+MFEJooMD9u5K3g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1hbaEDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHK/ZgOlIgEo2il9jDITaAmQbXm1t0ZyDLxClKDAs2g+tXrJyyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXUsVjbnx89m5E3JilT6JEm1LIZmpvydyGhszjkPbGVMcmkVvKv7ndTOMrv1cqDRDrth8UZRJggmZ/k76QnOGcmwJZVrYWwkbUk0Z2oQqNgRv8eVl8nhW9y7r5/cXtcZNEUcZjuAYTsGDK2jAHTShBQxG8Ayv8Oakzovz7nzMW0tOMXMIf+B8/gCj7o/H</latexit>

hsn

<latexit sha1_base64="bSpy/VGu3LHG/aG0yUq9Un607og=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJUUY9FLx4r2A9oQ9hst+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U391hPXRsTqEccJ9yM6UKIvGEUrdYdBZgLvnJigOglKZbfizkCWiZeTMuSoB6Wvbi9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/Nbp6QU6v0SD/WthSSmfp7IqORMeMotJ0RxaFZ9Kbif14nxf6NnwmVpMgVmy/qp5JgTKYBkJ7QnKEcW0KZFvZWwoZUU4Y2pqINwVt8eZk0qxXvqnLxcFmu3eZxFOAYTuAMPLiGGtxDHRrAIIFneIU3J3VenHfnY9664uQzR/AHzucPDGyRDA==</latexit>

hs1,s2

<latexit sha1_base64="YE9Yl8xTN1kHLcPE/batsfqOnHk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5RERT0WvXisYD+gDWGz3bZLN5uwOxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4upv6rSeujYjVI44T7kd0oERfMIpW6g6DzATeGTGBmgTlilt1ZyDLxMtJBXLUg/JXtxezNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mN0/IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+TYv/Gz4RKUuSKzRf1U0kwJtMASE9ozlCOLaFMC3srYUOqKUMbU8mG4C2+vEya51XvqnrxcFmp3eZxFOEIjuEUPLiGGtxDHRrAIIFneIU3J3VenHfnY95acPKZQ/gD5/MHZ5iRSA==</latexit>

hs1,sn

<latexit sha1_base64="BsPNQ0yVBx5C0GRXyWzHlWLpE1k=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJUUY9FLx4r2A9oQ9hsp+3SzSbsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIWju6nfekKleSwfzThBP6IDyfucUWOl7jDIdFA9JzqQk6BUdivuDGSZeDkpQ456UPrq9mKWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfja7eUJOrdIj/VjZkobM1N8TGY20Hkeh7YyoGepFbyr+53VS07/xMy6T1KBk80X9VBATk2kApMcVMiPGllCmuL2VsCFVlBkbU9GG4C2+vEya1Yp3Vbl4uCzXbvM4CnAMJ3AGHlxDDe6hDg1gkMAzvMKbkzovzrvzMW9dcfKZI/gD5/MHaSKRSQ==</latexit>

hs2,sn… …

node representation

edge representation

answer representation

mean pooling over all token of sentence 
<latexit sha1_base64="Q6i1Qlon2N7JNzWs9aGBWECdvIY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK1hbaEDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHK/ZgOlIgEo2il9jDITSAmQbXm1t0ZyDLxClKDAs2g+tXrJyyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXUsVjbnx89m5E3JilT6JEm1LIZmpvydyGhszjkPbGVMcmkVvKv7ndTOMrv1cqDRDrth8UZRJggmZ/k76QnOGcmwJZVrYWwkbUk0Z2oQqNgRv8eVl8nhW9y7r5/cXtcZNEUcZjuAYTsGDK2jAHTShBQxG8Ayv8Oakzovz7nzMW0tOMXMIf+B8/gCcVY/C</latexit>

hsi
<latexit sha1_base64="eg6DbCHSSTSoYkFU0a7uKbw2MuE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+mJXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6r5/cXldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBbjo3b</latexit>si



Parameterization

8

Potential Function for 
<latexit sha1_base64="7ygLDkUU8B22Z4mZlVwE1jsR6lg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9VLx4r2A9o15JNs21sNlmSrFCW/gcvHhTx6v/x5r8x3e5BWx8MPN6bYWZeEHOmjet+O4Wl5ZXVteJ6aWNza3unvLvX1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9USVZlLcm3FM/QgPBAsZwcZKzW59yB6ueuWKW3UzoEXi5aQCOeq98le3L0kSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP82unaAjq/RRKJUtYVCm/p5IcaT1OApsZ4TNUM97U/E/r5OY8NJPmYgTQwWZLQoTjoxE09dRnylKDB9bgoli9lZEhlhhYmxAJRuCN//yImmeVL3z6undWaV2ncdRhAM4hGPw4AJqcAt1aACBR3iGV3hzpPPivDsfs9aCk8/swx84nz8jnY7a</latexit>

�A

Potential Function for
<latexit sha1_base64="1xP8NSjFBDSx1bfjubb+DcSggSs=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqUY9ELx4xkYUEVtItXah0203bNSEb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef/A1zJVhDaJ5FK1Q6wpZ4I2DTOcthNFcRxy2gpHN1O/9USVZlLcm3FCgxgPBIsYwcZKfrcxZA9+r1xxq+4MaJl4OalAjkav/NXtS5LGVBjCsdYdz01MkGFlGOF0UuqmmiaYjPCAdiwVOKY6yGbXTtCJVfooksqWMGim/p7IcKz1OA5tZ4zNUC96U/E/r5Oa6CrImEhSQwWZL4pSjoxE09dRnylKDB9bgoli9lZEhlhhYmxAJRuCt/jyMvHPqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmkDgEZ7hFd4c6bw4787HvLXg5DOH8AfO5w9DcY7v</latexit>

�V

<latexit sha1_base64="9TpR6Gtwjr/3o3nQ59fDArVML+4="></latexit>2

664

�V
i (Vi = 0, A = 0)

�V
i (Vi = 0, A = 1)

�V
i (Vi = 1, A = 0)

�V
i (Vi = 1, A = 1)

3

775 = MLP2(hsi) 2 R4

<latexit sha1_base64="oj321nvixCdA0wKv0OKaEjREN4Q="></latexit>2

666664

�E
ij

✓
Vi = 0, Vj = 0,
Eij = 0, A = 0

◆

...

�E
ij

✓
Vi = 1, Vj = 1,
Eij = 1, A = 1

◆

3

777775
= MLP3(hsi,sj ) 2 R16

<latexit sha1_base64="Rjd6qlWqazb4sw00cWNFbRjwQLU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FETxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9jut2Dtj4YeLw3w8y8IOZMG9f9dgpLyyura8X10sbm1vZOeXevqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMrqd+64kqzaS4N+OY+hEeCBYygo2Vmt36kD3c9MoVt+pmQIvEy0kFctR75a9uX5IkosIQjrXueG5s/BQrwwink1I30TTGZIQHtGOpwBHVfppdO0FHVumjUCpbwqBM/T2R4kjrcRTYzgiboZ73puJ/Xicx4aWfMhEnhgoyWxQmHBmJpq+jPlOUGD62BBPF7K2IDLHCxNiASjYEb/7lRdI8qXrn1dO7s0rtKo+jCAdwCMfgwQXU4Bbq0AACj/AMr/DmSOfFeXc+Zq0FJ5/Zhz9wPn8AKa2O3g==</latexit>

�EPotential Function for 

<latexit sha1_base64="no2u9OsgOvbKIhcVN3moVRxek80="></latexit>
�A(A = 0)
�A(A = 1)

�
= MLP1(h[CLS]) 2 R2



• First approximation

– Joint-likelihood             Pseudo-likelihood

Learning
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<latexit sha1_base64="yCaEzxnjnXcYeqaOPgNm4IPyfrM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gOaUDbbbbt0kw27E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtkBouRcwbKFDydqI5jULJW+Hoduq3Hrk2QsUPOE54ENFBLPqCUbSS72sxGCLVWj2RbrniVt0ZyDLxclKBHPVu+cvvKZZGPEYmqTEdz00wyKhGwSSflPzU8ISyER3wjqUxjbgJstnNE3JilR7pK20rRjJTf09kNDJmHIW2M6I4NIveVPzP66TYvw4yEScp8pjNF/VTSVCRaQCkJzRnKMeWUKaFvZWwIdWUoY2pZEPwFl9eJs2zqndZPb+/qNRu8jiKcATHcAoeXEEN7qAODWCQwDO8wpuTOi/Ou/Mxby04+cwh/IHz+QMfg5G/</latexit>!

<latexit sha1_base64="s8dvPqKU6RnMYh3pmqTYhI7xeOU=">AAACF3icbVDLSgMxFM3UV62vqks3wSJUwTKjom6EohsXLirYh7S1ZNK0jc0kQ5IRhqF/4cZfceNCEbe682/MTGehrQcCJ+fcy733uD6jStv2t5WZmZ2bX8gu5paWV1bX8usbNSUCiUkVCyZkw0WKMMpJVVPNSMOXBHkuI3V3eBH79QciFRX8Roc+aXuoz2mPYqSN1MmXWh7SA4xYdDXqJFx60b2gXI/gGdyHLSb60C/emk94t7fbyRfskp0AThMnJQWQotLJf7W6Agce4RozpFTTsX3djpDUFDMyyrUCRXyEh6hPmoZy5BHVjpK7RnDHKF3YE9I8rmGi/u6IkKdU6LmmMt5cTXqx+J/XDHTvtB1R7geacDwe1AsY1ALGIcEulQRrFhqCsKRmV4gHSCKsTZQ5E4IzefI0qR2UnOPS4fVRoXyexpEFW2AbFIEDTkAZXIIKqAIMHsEzeAVv1pP1Yr1bH+PSjJX2bII/sD5/APeWnnk=</latexit>

Ljoint = � log p(Y = y⇤)
<latexit sha1_base64="WOINQ0yCoIAX+Mi1SzMXqVZ3Aio="></latexit>

ppseduo(Y ) =
Y

y2Y

p(y|Y�y) = p(A|E ,V)
Y

i

p(Vi|Y�Vi)
Y

i,j

p(Eij |Y�Eij )
<latexit sha1_base64="yCaEzxnjnXcYeqaOPgNm4IPyfrM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gOaUDbbbbt0kw27E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtkBouRcwbKFDydqI5jULJW+Hoduq3Hrk2QsUPOE54ENFBLPqCUbSS72sxGCLVWj2RbrniVt0ZyDLxclKBHPVu+cvvKZZGPEYmqTEdz00wyKhGwSSflPzU8ISyER3wjqUxjbgJstnNE3JilR7pK20rRjJTf09kNDJmHIW2M6I4NIveVPzP66TYvw4yEScp8pjNF/VTSVCRaQCkJzRnKMeWUKaFvZWwIdWUoY2pZEPwFl9eJs2zqndZPb+/qNRu8jiKcATHcAoeXEEN7qAODWCQwDO8wpuTOi/Ou/Mxby04+cwh/IHz+QMfg5G/</latexit>!

normalization constant is hard to calculate 
due to high-order factors of large size

1. easy to calculate when neighbors are given.

2. traditional decoding methods are based on sampling (inefficient).

3. we choose a modern approach using variational approximation.

• Second approximation

– Pseudo-likelihood             Variational approximation<latexit sha1_base64="yCaEzxnjnXcYeqaOPgNm4IPyfrM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gOaUDbbbbt0kw27E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtkBouRcwbKFDydqI5jULJW+Hoduq3Hrk2QsUPOE54ENFBLPqCUbSS72sxGCLVWj2RbrniVt0ZyDLxclKBHPVu+cvvKZZGPEYmqTEdz00wyKhGwSSflPzU8ISyER3wjqUxjbgJstnNE3JilR7pK20rRjJTf09kNDJmHIW2M6I4NIveVPzP66TYvw4yEScp8pjNF/VTSVCRaQCkJzRnKMeWUKaFvZWwIdWUoY2pZEPwFl9eJs2zqndZPb+/qNRu8jiKcATHcAoeXEEN7qAODWCQwDO8wpuTOi/Ou/Mxby04+cwh/IHz+QMfg5G/</latexit>!
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• Second approximation

– Pseudo-likelihood             Variational approximation<latexit sha1_base64="yCaEzxnjnXcYeqaOPgNm4IPyfrM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gOaUDbbbbt0kw27E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtkBouRcwbKFDydqI5jULJW+Hoduq3Hrk2QsUPOE54ENFBLPqCUbSS72sxGCLVWj2RbrniVt0ZyDLxclKBHPVu+cvvKZZGPEYmqTEdz00wyKhGwSSflPzU8ISyER3wjqUxjbgJstnNE3JilR7pK20rRjJTf09kNDJmHIW2M6I4NIveVPzP66TYvw4yEScp8pjNF/VTSVCRaQCkJzRnKMeWUKaFvZWwIdWUoY2pZEPwFl9eJs2zqndZPb+/qNRu8jiKcATHcAoeXEEN7qAODWCQwDO8wpuTOi/Ou/Mxby04+cwh/IHz+QMfg5G/</latexit>!

<latexit sha1_base64="l1ITBtzUHZYvnILhGanaqUlCqnE="></latexit>

ppseduo(Y ) =
Y

y2Y

p(y|Y�y)

<latexit sha1_base64="kqutAz31cU85IeLtQxHmTyaryW4="></latexit>

q(Y ) = q(A)
Y

i

q(Vi)
Y

i,j

q(Eij)

q(A) = Softmax(MLP4(hCLS)) 2 R2

q(Vi) = Softmax(MLP5(hsi)) 2 R2,

q(Eij) = Softmax(MLP6(hsi,sj )) 2 R2.

<latexit sha1_base64="yCaEzxnjnXcYeqaOPgNm4IPyfrM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gOaUDbbbbt0kw27E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtkBouRcwbKFDydqI5jULJW+Hoduq3Hrk2QsUPOE54ENFBLPqCUbSS72sxGCLVWj2RbrniVt0ZyDLxclKBHPVu+cvvKZZGPEYmqTEdz00wyKhGwSSflPzU8ISyER3wjqUxjbgJstnNE3JilR7pK20rRjJTf09kNDJmHIW2M6I4NIveVPzP66TYvw4yEScp8pjNF/VTSVCRaQCkJzRnKMeWUKaFvZWwIdWUoY2pZEPwFl9eJs2zqndZPb+/qNRu8jiKcATHcAoeXEEN7qAODWCQwDO8wpuTOi/Ou/Mxby04+cwh/IHz+QMfg5G/</latexit>!

parameterization of q



Update Parameters of P and Q

11

<latexit sha1_base64="o4mEwRuD3Du75lBMLfLP9W0G14A="></latexit>

Lnode = �
X

i

log q(Vi = v⇤i )

<latexit sha1_base64="ISW15aUi4Tuu9bvZfzqoqfcGVj4="></latexit>

Ledge = �
X

i,j

log q(Eij = e⇤ij)

<latexit sha1_base64="CFMGASvmh+K91Okuoe7CtG/OEGo="></latexit>

Lqa = � log p(A = a⇤|Ê , V̂)

variational distribution q fully conditional distribution p


Note that the conditions are obtained by prediction of 
the variational distribution q



Inference
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• For nodes and edges


• For answers


• Integer Linear Programming (ILP)

<latexit sha1_base64="xxu7uJlkYX71diFkwyQu49JL4Dw=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCvIRdFfUiBEXwGME8IBtC72SSjJmdXWdmxbDs3Yu/4sWDIl79AW/+jZPHQaMFDUVVN91dfsSZ0o7zZWXm5hcWl7LLuZXVtfUNe3OrpsJYElolIQ9lwwdFORO0qpnmtBFJCoHPad0fnI/8+h2VioXiWg8j2gqgJ1iXEdBGatt5rw86oWk7YTcpPsUeyB72ArjHt8WLsbjXtgtOyRkD/yXulBTQFJW2/el1QhIHVGjCQamm60S6lYDUjHCa5rxY0QjIAHq0aaiAgKpWMv4lxbtG6eBuKE0Jjcfqz4kEAqWGgW86A9B9NeuNxP+8Zqy7J62EiSjWVJDJom7MsQ7xKBjcYZISzYeGAJHM3IpJHyQQbeLLmRDc2Zf/ktp+yT0qHVwdFspn0ziyaAflURG56BiV0SWqoCoi6AE9oRf0aj1az9ab9T5pzVjTmW30C9bHN+AHmk0=</latexit>

êij = argmax q(Eij)
<latexit sha1_base64="AXTYgjpJlfucv8iYrCUGEFqzBWU=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIVdSMU3bisYB/QlHAznbRDJ5M4MymW0K0bf8WNC0Xc+gfu/Bunj4W2HrhwOOde7r0nSDhT2nG+rYXFpeWV1dxafn1jc2vb3tmtqTiVhFZJzGPZCEBRzgStaqY5bSSSQhRwWg961yO/3qdSsVjc6UFCWxF0BAsZAW0k38ZeF3TWH/oZG+JL7IHsYC+CB3xfrI20I98uOCVnDDxP3CkpoCkqvv3ltWOSRlRowkGppuskupWB1IxwOsx7qaIJkB50aNNQARFVrWz8yRAfGqWNw1iaEhqP1d8TGURKDaLAdEagu2rWG4n/ec1UhxetjIkk1VSQyaIw5VjHeBQLbjNJieYDQ4BIZm7FpAsSiDbh5U0I7uzL86R2XHLPSie3p4Xy1TSOHNpHB6iIXHSOyugGVVAVEfSIntErerOerBfr3fqYtC5Y05k99AfW5w9wXJmH</latexit>

v̂i = argmax q(Vi)

<latexit sha1_base64="QM1dCqe88JrUYnYCTYe6pFNRu+A=">AAACMXicbVDLSgMxFM3UV62vUZdugkVwIWVGRd0IRRG6rGAf0BmGTJppYzMPkkyhDPklN/6JuOlCEbf+hGk7C9t6IHA451xy7/ETRoW0rLFRWFldW98obpa2tnd298z9g6aIU45JA8cs5m0fCcJoRBqSSkbaCSco9Blp+YP7id8aEi5oHD3JUULcEPUiGlCMpJY8s+b0kcycEMk+Rix7UAreQiebqkR5GX1WjjqD86lmnprJQ+VRR3lm2apYU8BlYuekDHLUPfPN6cY4DUkkMUNCdGwrkW6GuKSYEVVyUkEShAeoRzqaRigkws2mFyt4opUuDGKuXyThVP07kaFQiFHo6+RkabHoTcT/vE4qgxs3o1GSShLh2UdByqCM4aQ+2KWcYMlGmiDMqd4V4j7iCEtdckmXYC+evEya5xX7qnLxeFmu3uV1FMEROAanwAbXoApqoA4aAIMX8A4+wKfxaoyNL+N7Fi0Y+cwhmIPx8wsGOKtR</latexit>

Ê = {êij}, V̂ = {v̂i}
<latexit sha1_base64="7g4uJZU74dYm/ym7ncXUXztPNEY=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUkDKjom6UqgguK9gHdEq5k6ZtaOZBkhHLOH/jxl9xI6iILv0T0+kstPVA4OSce7n3HifgTCrT/DIyM7Nz8wvZxdzS8srqWn59oyb9UBBaJT73RcMBSTnzaFUxxWkjEBRch9O6M7gc+fU7KiTzvVs1DGjLhZ7HuoyA0lI7f2b3QUUQ41Nsg+hh24V7HBTPH3Bi6K/qE+DRVRzvTUi1ON5t5wtmyUyAp4mVkgJKUWnnX+2OT0KXeopwkLJpmYFqRSAUI5zGOTuUNAAygB5tauqBS2UrSu6M8Y5WOrjrC/08hRP1d0cErpRD19GVoyXlpDcS//OaoeqetCLmBaGiHhkP6oYcKx+PQsMdJihRfKgJEMH0rpj0QQBROtqcDsGaPHma1PZL1lHp4OawUL5I48iiLbSNishCx6iMrlEFVRFBj+gZvaF348l4MT6Mz3Fpxkh7NtEfGN8/7VqmCQ==</latexit>

â = argmax p(A|Ê , V̂)



Fully Supervised
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• Metrics

– QA Accuracy (QA)

– Proof Accuracy (PA)


– exactly match

– Full Accuracy (FA)


– both answer and proof


• Settings

– Fully supervised

– Few-shot 

– Zero shot

Soft Reasoner PRover PRobr

QA: PRobr    PRover    Soft Reasoner<latexit sha1_base64="ZF7JJBi+yUsUFP36JHoyTlLIgZA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/Vbj1QbJsWDHSsaJnggWMwItk5qdbFSWj71yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm507QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8Tmrj6zBjQqWWCjJfFKccWYmmv6M+05RYPnYEE83crYgMscbEuoRKLoRg8eVl0jyrBpfV8/uLSu0mj6MIR3AMpxDAFdTgDurQAAIjeIZXePOU9+K9ex/z1oKXzxzCH3ifP5X+j74=</latexit>⇡ <latexit sha1_base64="ZF7JJBi+yUsUFP36JHoyTlLIgZA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/Vbj1QbJsWDHSsaJnggWMwItk5qdbFSWj71yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm507QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8Tmrj6zBjQqWWCjJfFKccWYmmv6M+05RYPnYEE83crYgMscbEuoRKLoRg8eVl0jyrBpfV8/uLSu0mj6MIR3AMpxDAFdTgDurQAAIjeIZXePOU9+K9ex/z1oKXzxzCH3ifP5X+j74=</latexit>⇡
PA&FA: PRobr > PRover   

Reasoning depth



Few-shot & Zero-shot
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RC: queries from randomly reserved contexts

RQ:randomly reserved queries

QA&PA&FA: PRobr >> PRover


Few-shot Zero-shot

QA: PRobr >> PRover
PA&FA: PRobr     PRover<latexit sha1_base64="ZF7JJBi+yUsUFP36JHoyTlLIgZA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/Vbj1QbJsWDHSsaJnggWMwItk5qdbFSWj71yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm507QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8Tmrj6zBjQqWWCjJfFKccWYmmv6M+05RYPnYEE83crYgMscbEuoRKLoRg8eVl0jyrBpfV8/uLSu0mj6MIR3AMpxDAFdTgDurQAAIjeIZXePOU9+K9ex/z1oKXzxzCH3ifP5X+j74=</latexit>⇡



Generalize to Unseen Depth
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testing on DU5 after training on DU0, 
DU1, DU2, DU3, respectively

DUd: answers require reasoning up to 
depth d for queries in DUd

PRobr makes better use of proof information 
when answering prediction

QA: PRobr >> PRover
PA&FA: PRobr     PRover<latexit sha1_base64="ZF7JJBi+yUsUFP36JHoyTlLIgZA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/Vbj1QbJsWDHSsaJnggWMwItk5qdbFSWj71yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm507QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8Tmrj6zBjQqWWCjJfFKccWYmmv6M+05RYPnYEE83crYgMscbEuoRKLoRg8eVl0jyrBpfV8/uLSu0mj6MIR3AMpxDAFdTgDurQAAIjeIZXePOU9+K9ex/z1oKXzxzCH3ifP5X+j74=</latexit>⇡



• Feasibility of deductive reasoning on natural language

– Validated on synthetic data only

– Proof helps interpret


• Dependency helps generalization

– Few-shot & Zero-shot

– Variational approximation for graph modelling

Take Away
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Paper & Code
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